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1 Formalities

Definition: (Substitution)

We use standard capture avoiding substitution over terms, types, kinds, superkinds and
type environments. The expression A[B/x] means “A with B substituted for x”. We work
up to renaming of bound variables.

Definition: (Store Model X |= H)

Given a store typing X and a store H, the store typing models the store, written X = H
when all elements of the store typing correspond to elements of the store.

forall [::T p @€ X wehave 15 ckweH
forall p e r we have p c H

for all mutable p € X we have mutable peH
forall constp € X  we have constp € H

Definition: (Well Typed Stores)

Given a store typing ¥ and a store H, the store is well typed relative to the store typing,
written X = H when all elements of the store correspond to elements in the store typing.

forall 15 Cx ¥ eH
wehave [T p@ck
and K:¥(r:%)(a:x).T— T ra € ctorTypes(T)

and 01X Fvp e Ti[p/rr/cz];Ll

forall pe H we have p € X
for all mutable p € H we have mutable p € ¥
forall constp € H  wehave constp € X
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Definition: (No Fabricated Region Witnesses)

The predicate nofab() is short for “No fabricated region witnesses” and refers to the
syntactic restriction that the witness constructors MkMutable and MkConst may only
appear in the witness list associated with a letregion. The predicate is defined for value,
type, kind and superkind expressions, as all can contain type applications.

Example inference rules are as follows:

nofab(¢) nofab(¢)
nofab(¢ @)

nofab(¢;) nofab(¢,)
nofab(¢; @)

nofab(r)

nofab(letregion » with w = § int)

Besides this last judgement which ignores the witness list associated with a letregion,
all others are generated by mechanical recursive decent of the syntax tree. Clearly,
nofab(MkMutable) and nofab(MkConst) must be false.

2 Proofs of Language Properties

Here we present the formal proofs of language properties. Each of these proofs is by
induction over the derivation of a typing judgement. When presenting each case, we assume
the statement being considered and then invoke the standard inversion lemmas to fill in the
appropriate premises.

For example, the proof of Substitution of Values in Values contains the case A(a : k).1;.
We assume the statement I', x: 7, |2 - A(a: k).1; 2 V(a: k). 7y ; 0, and use the inversion
lemmatogive I', x: T, a: k|2 F 1 7150

AT, x:m,a:x|2F1 150
DT, x:n|2F Ala:k).t1 = V(a:x).71;0

Each statement is numbered for identification purposes, and we underline the numbers of
statements that are assumptions. In some cases not all statements obtained by the inversion
lemmas will be used, but we include them as premises anyway so that the typing rules
maintain their familiar shapes.

We will omit the quantifiers “for all” and “for some” when they are obvious from the
context, as they clutter the proof without providing much additional information.
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Lemma: (Forms of Terms and Types)
When a term is in normal form we can determine its shape by inspecting its type.
Similarly, when a type is in normal form we can determine its shape by inspecting its kind.
For example:

If teValue

and 0|2+t 17— 10

then 1 =A(x:7).7'

By inspection of the typing rules. The only values that can have function types are lambda
abstractions and variables, but as the type environment is empty the value cannot be a
variable. Note that locations cannot have function types because abstractions in the store
always appear inside data constructors.

Lemma: (No free witness variables in effects)

If T|Zkf:e¢;0
and T|2Frw o kandT|Z kO

then 6[0/w]=0

By inspection of the kinding rules for effect constructors.

Lemma: (No free witness variables in term types)

If TIZFt:9;0
and T|Zbyw i kandT|EZ Hex 2 O

then @[6/w]=¢

By inspection of the kinding rules for value type constructors.

Lemma: (Weaken Store Typing)

If we can assign a term ¢ some type and effect, then we can also assign ¢ the same type
and effect under a larger store typing. This property is also true for kind judgements.

If TXFr150
and Y DO X
then T|Y Ft::7;0

By induction over the derivation of I'|X F 7 :: T; 0. At the top of the derivation tree we
will have uses of (TyLoc) that include statements suchas T'|X, [: T+ [ :: 7; L. These
statements remain true when X is extended.

Lemma: (Strengthen Type Environment)

If T,x:7t|Zhk0: K
then T'|X Fy @ it K

By inspection of the forms of types. Types to not contain value variables.
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Lemma: (Weaken Type Environment)

If T|XFr:150 If T2k
and x ¢ fv(r) and a ¢ fv(o)
then I x: |21 7150 then I' a: @ |[E @ it K

By induction over the derivations of the first statements of each.

Lemma: (Region Witness Assertion)

If we add a property to the heap, then we can always evaluate the witness constructor that
tests for it. The following statement is true

H, propOf(A) ; 8 ~» A and 8 € {MkConst r, MkMutable r} for some r, A.

By inspection of the transition rules (EwConst) and (EwMutable).

Lemma: (Progress of Purity)
If O|X+H,8: Purec
and nofab(9)
then 6 = pure o
or H;é ~~ &' forall H and some &'.

Proof: By induction over the derivation of @|X t; 6 :: Pure ©

(IH) Progress of Purity holds for all subterms of §. (assume)
1) O|T 6 :: Pureo (assume)
2) nofab(0) (assume)
3) 0 € {pure 6, MkPureBot, MkPurify p Jy,
MkPureJoin 0, 03 8, 63} (Forms of Types 1)

Case: § =pure O

) immediate

Case: 6 = MkPureBot
®)) H ; MkPureBot ~ pure L (EwPureBot)

Case: & = MkPurify p &
(6) 01 = const p (Kind of MkPurify 2)
@) H ; MkPurify p const p ~ pure (Read p) (EwPurify 6)

Case: 6 = MkPureJoin o> 03 6 &3

) O|X ;& i Pure oy (Kind of MkPureJoin 1)
9) nofab(8,) (Def. nofab 2)

(10) 0 =pure 6, or H;8 ~ 0} (IH89)

(11) 03 = pure 03 or H;83 ~~ 0} (Similarly)

(12) Either (EwContext) or (EwPureJoin) applies.
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Lemma: (Preservation of Purity)

If O|ZF;68:: Purec
and H; 8 ~ &’
then O|X ;8 :: Purec

Proof: By induction over the derivation of @ |X +; § :: Pure

(IH) Preservation of Purity holds for all subterms of 6. (assume)

Case: 0 = MkPureBot / EwPureBot

1) 0|X b MkPureBot :: Pure 1 (assume)
2 H ; MkPureBot ~~ pure | (assume)
3) O|X by pure L :: Pure | (KiPure)

Case: & = MkPurify p const p / EwPurify

(3) 0| X b1 (MkPurify p) :: Const p — Pure (Read p) (4) 0| - const p :: Const p
(1) 0% t MkPurify p const p :: Pure (Read p)

(2) H; MkPurify p const p ~ pure (Read p)

&) constp € X (KiConst 4)
(6) O|X - pure (Read p) :: Pure (Read p) (KiPurify 6)

The remaining cases are similar to the EwPurify case.
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Lemma: (Substitution of Values in Values)

If Tx:nl|2kr1;0
and T|2Fv° 1 L
then T|X F v /x] it 7150

Proof: By induction over the derivationof T', x: |2 ¢ :: 715 0
(IH) Subst. of Values in Values holds for all subterms of ¢. (assume)

Case: t =y/TyVar
Trivial. x # y so ¢ is unaffected.

Case: t =x/TyVar
O x:t,x:n|ZFx1; L

2) | DN R S (assume)
(3) TI=1 (Def. Type Env 1)
) CIZ b xp/a] oo L (Def. Sub. 2 3)

Case: t =1/TyLoc
Trivial. Locations do not contain value variables.

Case: r = () / TyUnit
Trivial. Unit does not contain value variables.

Case: t =A(a: x).t; / TyAbsT

B)T,x:m,a:x|2F1 130
DT, x:n|2F Ala:x).t1 2 V(a:x).71;0

2) | DRV SR (assume)

) IFa:x|ZFVv ;L (Weak. Type Env 2)
(5) ILa:x|ZF /x| 150 (IH 3 4)

(6) CIZF A(a: k). (t[v0/x]) i 1150 (TyAbsT 5)

) Xk (Ala:x).t1)p°/x] i 1150 (Def. Sub. 6)

Case: 1 =A(x:7).11 / TyAbs
Similarly to TyAbsT case.

Case: 1t =1; @2/ TyAppT

B x:n|Ekf =Va:k). 00 4T x:0|X @K
(DL, x:n |2kt @ @ua[@a/a]; o[ga/d]

2) FEFv 1L (assume)

5) X Fnp°/x] o V(a: ki) Q1250 (ITH32)

(6) | DI ) (Str. Type Env 4)
@) CIZFnp°/x] @ @ral@a/al; ox/d] (TyAppT 5 6)

(3) CIZF (1 @)/« = o12]92/a]; ole2/d] (Def. Sub. 7)
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t=tt/ TyApp

B)T, x|k 1 T S 110 0 @G x:w|Zkh ;0
(l)r,x:ﬁ‘xl—l‘] i Tp;01VoL VO

| DRV R (assume)
F|E|—t1[v°/x] Z: Tllgﬁz;(ﬁ (IH32)
F|Z|—t2[v°/x] LT, 0o (IH 4 2)
F|Z|— tl[vo/x] tg[vo/x] LT, 01V Vo (TyApp 5 6)
F|Z|— (11 15 [vo/x] LT, 01V VO (Def. Sub. 7)

t=(caset of K x: T —t') / TyCase

Similarly to TyApp case. Uses the following lemma.

Case:
Case:
Case:
Case:
Case:

If Tx:n|tFKy—t:T@Q@ —1;0
and T|ZHv° 1 L
then T|E Ky —tp°/x] =T 9@ —1;0

t = (mask 6 in t) / TyMask

t = (letregion r with {w; :: §;} in #;) / TyLetRegion
t=Kor /..

t =updateg ; ¢ 11 t, / TyUpdate

t = suspend @ t1 tp / TySuspend

Similarly to TyApp case. Note that value variables do not appear in type (or witness)
expressions.
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Lemma: (Substitution of Types in Values)
If Ta:x|ZF-r:1;0
and T|Z k¢ @ Ko
then U'(@y/a] |Z + t[@y/a] 2 T1[@2/a]; o[@2/d]

Proof: By induction over the derivation of T', a: i3 |2 F ¢ 2 715 ©
(IH) Subst. of Types in Values holds for all subterms of ¢. (assume)

Case: t =x/TyVar
Case: = () / TyUnit
Case: t =1/ TyLoc
Trivial. No free type vars.

Case: t =A(a: ).t/ TyAbsT

(3) F, a: Ky, ail Ky |Z = f12 :: T125 O1
(l) F, a: K'2|Z = A(Clll : K‘“).tlz o V(a“ : Ku).’l?lz; (o3

2) | DI (S ) (assume)
4) Lyan k|2 0 (Weak. Type Env 2)
5) (I, a1 : k11 )[@2/a] | £
F tin[ex/a] = ti2[@2/a] 5 o1[@2/a) (IH 3 4)
(6) i@y /al, arr = ki1 [@2/a] | 2
F tinl@a/a) : Tia[@a/a] ;012 /d] (Def. Sub. 5)
(7 Clga/al |2 F (Alann : kin)-12)[92/a]
= (Y(ay : k11)-T12)[@2/a] ;5 o1[92/a) (TyAbsT 6, Def. Sub)

Case: 1 =A(x:1y1).112/ TyAbs
Similarly to TyAbsT case

Case: t =111 @12/ TyAppT
(3) F, a . K'3|Z F 1o V(al . K11).(p12;61 (4) F, a. K3|E |—T(p2 K
DT a:k3|ZF 0@ g[p/ai]; o1[@2/ai]

2 CIX b3 i K3 (assume)
©) Ilps/a] | 2
Frles/a) o (V(ar k). @i2)[@s/al s o1[@3/d] (IH 3 2)

(6) Llgs/al [
Fnles/al : V(ai: ki [@3/a]). @i2[@3/a] ; o1[@3/a] (Def. Sub. 5)

) Llgs/al|Z Fr @2[@3/a] =2 K11 [@s/d] (Sub. Type/Type 4 2)
(8) Clps/al | ZFti[@s3/a] @:]@s/d]

 (@ual@s/al) (@23 /al/air]; (o1]@3/al)[@2(@s/al/a1] (TyAppT 67)
) Clgs/al | Z F (t1 2)[3/4]

2 (Qule2/ar])@s/al; (o1l¢2/ai1])[@s/a] (Def. Sub. 8)



ZU064-05-FPR Appendix 20 July 2010 17:59

Witnessing Mutability, Purity and Aliasing for Program Optimisation 9

Case: 1 = (11 1) / TyApp
Similarly to TyAbsT case

Case: ¢ = letregion r with {w; = §;} in #; / TyLetRegion

(3) &; well formed O) T, a:x|Lk K <>i‘
DT a:k,r:% wi=K|ZF-t 1,0 O)T, a: 1| & = Kil

()T, a: x| X + letregion r with {w; = §;}int; :: 7; 0

2 2k @k (assume)
7) Lor:%, wi k| Zhr @ K (Weak. Type Env 2)
(8) (T, r:%, wi:&)[p2/a] | £
Ftlga/a] : tl@a/a] s ol@a/d] (IH47)
) r[(PZ/aL r:%, wi: Ki[(pz/a] |Z
Ftlga/a) : t[@a/d] ; o[@a/al (Def. Sub. 8)
(10)  Tlgz/a]|X b+ &i[2/a] =2 Ki[g2/d] (Sub. Type/Type 6 2)
(11) Ig2/al | Z by (@2 /a] 2 O (Sub. Type/Kind 5 2)
(12) 6i[@2/a] well formed (Def. Well Formed 6)
(13) I'[@,/a] | Z+ letregion r with {w; = &;[¢,/a]} in t[¢,/a]
: T[@a/a] ;o[ /d] (TyLetRegion 9..12)
(14) I'[¢2/a] | 2+ (letregion r with {w; = §;} int)[¢,/a]
: T[@a/a] ;o[ /d] (Def. Sub. 13)

Case: t = (caser of Kx: 7 — ')/ TyCase
Case: t=Ko¢r /..

Case: t = updateg ; ¢ 11 t, / TyUpdate
Case: t = suspend @ t t; / TySuspend
Similarly to TyAppT case.

Case: t = mask § in 7/ TyMask

B)a:kw|Zrr:t,0 AT ar:Kk L6 Pure o’
()T, a: k|2 Fmaskdinr :: 7;0\ 0’

2 FEZko Kk (assume)
®) [@:/al|Z & t{ea/d] = T[@2/a]; o[@2/d] (IH32)
(6) Ig2/al | Z by 8[@2/a) =2 (Pure 6')[@2/a) (Sub. Type/Type 4 2)
7 I@2/a]l |Z by 8[@2/a] :: Pure o'[@2/a] (Def. Sub. 6)
® Ulgy/a] | 2+ mask 5[@,/a] in 1]y /d]
: T[@a/al 5 olp2/al/o’ @2 /a] (TyMask 5 7)

©) I'@2/a] | 2+ (mask 0 in?)[@2/d]
= Tlpa/a); (o\o)|e/d] (Def. Sub. 8)
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Lemma: (Substitution of Types in Types)

If F,a:Kz‘ZFT(pl K
and T|2 @ i K0
then I'[@y/al|E b+ @i[@2/a] = Ki[p2/d]

Proof: by induction over the derivation of I', a : Kk | Z Fr ¢ =2 K
(IH) Substitution holds for all subterms of ¢;. (assume)

Case: ¢ =a/KiVar
Similarly to Sub. Value/Value Ty Var case.

Case: ¢ =V(b: k). 7/KiAll
B a:x|ZHir o AT a0, bk |12 0 K
(l) F, a: K2|Z FTV(Z): K11).T12 K

2) | DI (S ) (assume)

®) @y /a] | X bk ki1[@2/a] :: o]¢/a] (Sub. Type/Kind 3 2)
(6) Lb:k |2k k0 (Weak. Type Env 2)
@) (F, bZKH)[gDz/ClHE Fr 712[(;)2/61] o Kl[(pz/a] (IH46)

(3) Tl@y/al, b: xi1[@2/a]l | E by Tia[@a/a] = x1[92/d] (Def. Sub. 7)

9 [[g2/al |Z by (V(b: ki1[@2/a]). T12[@2/a]) == x1[@2/a)  (KiAll 5 8)

(10) [@y/al|Z by (Y(b:k11).T12)[@2/a] == x1[@2/d] (Def. Sub. 9)

Case: ¢ = ¢; ¢, / KiApp
BT a5 ¢ = II(b:x11). k12 4T, a: 53|20 12 K1y
(l) F, a. K3|Z |—T o1 @ K12[(p2/b]

2) Lk k3 (assume)
(5) Llgs/a] | £ b+ @i[@s/a] 2 (T1(b: k). K12)[@3/d] (TH 4 2)
(6) F[(p3/a] ‘E Fr @ [(pg/a] i H(b : K11[(p3/a]). (Klz[(p3/a]) (Def. Sub. 5)
@) Llgs/al | b+ @2@3/a] =2 Kki1[@3/d] (IHS52)
®) Clgs/al|E =+ @1[p3/a] @2[@3/d]

= (Ki2[@s/a))[@2[3/a]/b] (KiApp 6 7)
) Llps/a] [+ (@1 @2)[@3/a] =2 (Ki2[92/D]) |93/ d] (Def. Sub. 8)

The remaining cases are similar to the KiApp case.
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Lemma: (Substitution of Types in Kinds)

If T,a:o|lhKk o

and T|Z @ 0 k0

then T'[ga/a] | X F k1[@2/a] @ 0[@2/a]
Proof: by induction over the derivation of I', a: & | X ¢ k] =1 @
(IH) Sub. of Types in Kinds holds for all subterms of k. (IH)
Case: x| € {x, %, !, Const, Mutable, Pure}
Trivial, k7 contains no variables.
Case: k1 = k11 @12/ KsApp

(3) F, a . K'2|Z |_1< K11 @t K12 — @ (4) F, a . K'z‘z |—T P12 K12
(l) I, a: K'2|Z Fe K11 P12 L@

2 Tk @i (assume)
) L@z /a] |Z br ki [@2/a] == (Ki2 — 0)[@2/d] (IH32)
(6) @2 /al|Z b xi1[@2/a] 2 Ki2[@2/a] — o[@2/d] (Def. Sub. 5)
(N Llg2/a] |E v @ua[@2/a] = Ki2[@2/d] (Sub. Type/Type 4 2)
® Llgy/a]| £ b kui[@2/a] @iolg2/a] : olg/d] (KsApp 67)
) [@2/al|Z bk (k11 @12)[@2/d] = ©[@2/d] (Def. Sub 8)

Case: x; =II(b: kq1). K12 / KsAbs

(3) F, a: K3 |E |—K K11 011 (4) F, a: Ks, b: K11 |Z |—K K12 @ @12
(l) F, a: Kz |Z Fe H(b: Kll)- K12 @ @12

2) | DI ) (assume)
) @2 /al|Z b« ki1[@2/a] = o1[@2/d] (H32)
(6) (F,bZK‘ll)[(pz/aHZ Fx K]z[goz/a] : (1)12[([)2/61] (IH 4 2)

) L@ /al, b: ki1[@2/a] | Fx Ki2[@2/a] :: 012]92/4a] (Def. Sub. 6)
(8) F[(pz/aHZ FKH(bZ K‘U[(Pz/a]).K‘lz[(pz/a] e (1)12[4)2/61] (KsAbs 57)
) F[(pz/a} |Z Fe (H(b : K'“). K'lz)[(Pz/a] o 0)12[([)2/61] (Def. Sub 8)
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Theorem: (Progress)

Suppose we have a state H;¢ with store H and term ¢. Let X be a store typing which
models H. If H is well typed, and ¢ is closed and well typed, and ¢ contains no fabricated
region witnesses, then either ¢ is a value or H;¢ can transition to the next state.

If O0|X+r:7150
and L =H

and X+ H
and nofab(r)

then t € Value

or for some H', t we have
( H;t— H';{ and nofab(t')
or H;t — H'; fail)

Proof: By induction over the derivation of @|X ¢ :: 7;0

Let (H ; t can step) = (for some H, t we have H ;t — H'; ' and nofab(z'))
We will not formally prove nofab(¢') in the conclusion of each case. This property can be
verified by inspecting (EvLetRegion) and noting that unevaluated applications of witness

constructors are not substitued into the body of the term.

(IH) Progress holds for all subterms of . (assume)

Case: t =x
Can’t happen. Type environment is empty.

Case: tisoneof I, (), Ala:: k)., A(x::1).¢
t € Value

Case: t = (1] ¢2) / TyAppT

(5)0‘2 oo V(a: K'11>.(,012; o (6) @|Z |—T(P2 K1
(D) O[ZF 1 @22 @r2[g2/a]; O[@2/d]

(2.4) XEH,XFH, nofab(t) (assume)

@) t1 € Value or H;t can step (IH52.4)

®) Case: t; € Value

9) t1=A(a:x11).t2 (Forms of Terms 8 5)
(10) H ; t can step (EvTAppAbs 9)

(1n Case: H ;1 can step
(12) H ; t can step (EvContext 11)



7U064-05-FPR

Appendix

20 July 2010 17:59

Witnessing Mutability, Purity and Aliasing for Program Optimisation 13

Case: t =11 1o / TyApp

2.4
@)
®

©))
(10)

(11, 12)
(13)

(14, 15)
(16)
A7)

(5)O|ZF 1 =T > 12s 01

(6)@|Z|— h I T11; O

(l)@|2|— it Tp;01VOoVO

Y EH, X+ H, nofab(t)
t1 € Value or H;t can step
ty € Value or H;t can step

Case : H ;t| can step
H ; t can step

Case: t| € Value, H ; t; can step
H ; t can step

Case : t) € Value, t, € Value
= ;L(X : T][).l‘]z
H ; t can step

Case: 1 = (letregion r with {w; = §;} in #;) / TyLetRegion

@
2.4
&)
(6)
@)
®

0|X + (letregion r with {m} in7) 71501
Y =H, X+ H, nofab(t)

gj well formed

6 € {MkMutable r, MkConst r}

H, propOf(A;) ; Si[B/r] ~ A

H ; t can step

Case: t =K ¢ ¢’ '/ TyData

50|12 %

(assume)
(IH52.4)
(IH62..4)

(EvContext 9)

(EvContext 11 12)

(Forms of Terms 14 5)
(EvAppAbs 16 15)

(assume)

(assume)

(Inv. 1)

(Def. Well Formed 5)

(Region Witness Assertion 6)
(EvLetRegion 7)

N OISF (= /gy o

(6) K :¥(r:%)N(a:x).T— T ra e ctorTypes(T)

2.4

®

©))

(10)
1)
12)
(13)
(14)

D)OIZ-Ko@'t/ =T ¢ ;00V0]...VO,

Y E=H, X+ H, nofab(t)

Case: H; ti’ can step for some i
H ; t can step

Case : forall i we have ] € Value
@ = p, for some p

pex

peH

H ; t can step

(assume)

(EvContext 8)

(Forms of Types 5)
(KiHandle 5 11)

(Def. Store Model 2 12)
(EvAlloc 10 11 13)
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Case: 1 = (caset; of p — ') / TyCase

(2.4)
)

®)
€))

(10)
(1)
12)
(13)
(14)

_ — i—0..

S5)0|EFn =T ;0 (6)0|XFpi—t =Te¢e' —1;0/ !

(1)0|X - caset; of p—1' :: T; 6V Read ¢\ 6,V 0...V O,
Y =H, L+ H, nofab(r) (assume)
t1 € Value or H ;t| can step (IHS52.4)
Case: H ;1 can step
H ; t can step (EvContext 8)
Case : t) € Value
=1 (Forms of Terms 10 5)
0|, 1:Tpo FIl:=Tpe¢;L (5, 11)
12 ckw e H (Def. Store Model 2 12)
H ; t can step (EvCase 13)

Case: 1| = (updateg; ¢ ¢' & 1, t3) / TyUpdate

(6)0|X by O 2 Mutable @
5)0|ZF 1

Tee:6  (I)K:

)OS F 13 =

tlo/rll¢'/a): o
V(r:%)N¥(@a:x).T— T ra e ctorTypes(T)

2.9
&)

(10, 11)
(12)

13)
(14)

(15, 16)
(I7)
(18)

(19, 20)
21
(22)
(23)
(24)
(25)

(26)
27)
(28)
(29)

(1) O|Z + (updatex; @ ¢’ S 12 13) ::

Y= H, X+ H, nofab(t)
0 = mutable p for some p

0|X - mutable p :: Mutable p, ¢ =p

mutable p € £

Case : H ; 1, can step
H ; t; can step

Case :
=1
H ; 11 can step

ty € Value, H ; t3 can step

Case : t| € Value, t; € Value
th=1

O|1ZF1:Tpe; L
I=Tpo'ex

12 Cy Vo € H for some K',1°
mutable p € H

Case: K=K
H ; t can step

Case: K #K'
H:;t — H';fail

(); (oVvao'VvWrite ¢)

(assume)

(Forms of Types 6 4)
(KiMutable 9 6)
(KiMutable 10)

(EvContext 13)

(Forms of Terms 15 5)
(EvContext 17 16)

(Forms of Terms 19 5)
(TyLoc 5 11)
(TyLoc 22)

(Def. Store Model 2 23)
(Def. Store Model 2 12)

(EvUpdateBind 25 24 9 21 20)

(EvUpdateFail 25 24 9 21 20)
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Case: 1 = (suspend 8 1 1) / TySuspend

(5)0|X2 10 s Purec (6)0|XF 1 % 1, 0 (TOIX2F 1 1115 00
(l)0|2 H (suspend TI1 T2 001 tz) T2, 01 VO,

(2.4) X EH, XLt H, nofab(r) (assume)
8) 6 € {MkPurify 6, MkPureJoin &3 84, MkPureBot,

pure o'} (Forms of Types 5)
9 Case: 6 € {MkPurify &, MkPureJoin 83 Os, MkPureBot }
(10) H; 8§~ 08 (Progress of Purity 59 4)
(11D H ; t can step (EvSuspendWit 10)
(12..14) Case: 6 =pure 0, t| € Value, t; € Value
(15) H=Ax:T).13 (Forms of Terms 6 13)
(16) H ; t can step (EvSuspendApp 12 15 14)

Case: t =mask 6 in 1

(5)0|LFt:1;0 (6)0|X+, 8 :: Pured’
(1)0|L+ maskdint :: 7;0\ 0

(2.4) X EH, XLt H,nofab(r) (assume)
@) 6 € {MkPurify 6, MkPureJoin 83 84, MkPureBot,
pure o'} (Forms of Types 6)
(8) Case : & € {MkPurify &, MkPureJoin 8 64, MkPureBor}
9) H; 6~ 0 (Progress of Purity 5 8 4)
(10) H ; t can step (EvMaskWit 10)

(11) Case: 6 =pure
(12) H ; t can step (EvMaskApp 11)

The remaining cases are similar to the TyApp case.
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Theorem: (Preservation)

Suppose we have a state H;t with store H and closed term ¢. Let X be a store typing which
models H. If H and ¢ are well typed, and H;7 can transition to a new state H';t’ then for
some X’ which models H', H' is well typed, ¢’ has the same type as ¢, and ¢’ has an effect
that is no greater than for 7.

If O|Xkt:7t;0

and H;t — H'; ¢

and X=H and X+ H

then for some ¥’, 6’ we have

0|2 -+t 1,0
and ¥’ DY and ¥ =H’ and X'+ H'
and ¢'Cy o

Proof: By induction over the derivationof @ |X 7 :: T; ©.
(IH) Preservation holds for all subterms of 7. (assume)
Case: t =x
Can’t happen. Type environment is empty.
Case: tisoneof I, (), Ala:: k)., A(x::1).¢
Can’t happen. There is no transition rule for H;¢
Case: t =1 ¢ / TyAppT / EvContext
(5)®|Z|—I] ZZV(aZKH).(p[z;G (6)®\ZI—T(p2:: K11
(D OIZF 11 @2 22 Qua[2/a]; O[@a/d]

(H;n, —H'; 1
(Q)H;ti ¢ — H'; 1] ¢

3.4 XEH,X+-H (assume)
(8.12) O|Y b1 = V(a: ki) . Q123 0,
YOL YEH, YFH, 6'Cyo (IH5734)
(13) 01X @ i Ky (Weak. Store Typing 6 9)
(14)  O[Y 1 ¢ or[p/a]; o'[¢2/d] (TyAppT 8 13)
(15) o'[p2/a] Ty o[@2/4q] (Def. Sub, C 12)

Case: t =1 ¢ / TyAppT / EvTAppAbs
(7)a: K11 |Z + Hy & Q12,0
5)0IZF Ala:Kki1).tip = V(a:x11)- Q125 0 (6)0|X @ it K1y
(D) OIZ F (Ala:Ki1).112) @2 2 @r2[@2/al; o[@2/d]

(;) H;(A(a b K']]). l‘]z) (07 —>H;l‘12[(p2/(1]
3.4 XEH,X+-H (assume)
) O|X F t12][@2/a) =2 Qr2l@a2/al; o[@2/d] (Sub. Type/Value 7 6)
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Case: t =1 to / TyApp / EvContext (E, 1)

B)0IEF1 = Tllgflz;dl (6)0|XF 1 1115 00
(l)@|2|— it Tp;01VOoVO

(7)H;t, — H'; 1
QH;tin—H' ;1) 1y

3.4 Y=H,X+H (assume)
(8..12) @‘E/ I—ti : Tllg’flz;O'{
YDOX YEH, ¥HH, o Cy o (IH5734)
(13) 01X 110 (Weak. Store Typing 6 9)
(14) 0|t Ti2;0{ VOV O (TyApp 8 13)
(15) ojVorVo Cy o1VoL Vo (Def. C 12)

Case: t =1, t, / TyApp / EvContext (v E,)
Similarly to TyApp / EvContext (E), t,) case.

Case: t =1 1, / TyApp / EvAppAbs
(M x:t |2k tip T2 0
B5)0IZF A(x:ti1).t12 2 T S 15 04 (6)0|X v ty; L
(DO|IZF (A(x:7T11)-t12)V° T2 01V O

(2)H; (A(x:1y1).t12) V" — H'; t12[v° /4]

3.4 XEH,XHH (assume)
®) O|ZF t12[v°/x] = T2 O (Sub. Value/Value 7 6)
©)] cCy o Vo (Def. )

Case: 1 =K p ¢ v°/ TyData / EvAlloc

(7)®|Z =i glp/rlle/a); L
(5)0|Ztrp % (6)K::V(r:%)¥(a:K).T— T rac ctorTypes(T)
1

WOTrKpopr aTppil

() H[p]; Kp ¢V — H, 15 Cp ;1

3.4 XEH,X-H (assume)

) let Y =X, [=:Tpo

©) let H =H, 2 Cx v

(10) T|¥+HI:Tpo;L (TyLoc 8)

a1y  ¥ox B (Def. D 8)

(12) YEH (Store Model 3 8 9 6 7)

(13) Y +H (Well Typed Store 49 8 6 7)

(14)  LCyl (Def. C)
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Case: 1 = (letregion r with {w; = §;} in #|) / TyLetRegion / EvLetRegion

(5) &; well formed  (6) 0T F+ & = & (1) 0|Z Fe i = O

(8) r ¢ fr(1)

9)r:%, wi: k|ZFt 1,0

(1) 0| Z  (letregion r with {w; = §;} in#) :: 7; 0

(10) H, p, propOf(A;) : &(p/r] = A/

(11) p fresh

(3.4
(12)
(13)
(14)
15)
(16)
7)
(18)
19)

(20)
21

(22)
(23)
(24)

LTEH ILFH
let H =H, p, propOf(A;)

let ' =X, p, r~p, A

YEH

¥+ H

ri%,wi: k|Y bkt utT0
0x Fep i %

0] A = K

O & ulp/rAjwi : lp/r Aifwil; olp/r Aijwi]

‘L'[B/r Ai/wi| = ‘L'[B/r]

olp/r Ai/wi] = olp/r]

O[X" Fnlp/rAi/wil = tlp/r]; olp/r]

01X Fulp/rAi/w) T 0[p/r]

olp/rlCy o

Case: t =case/of ... KX .../ TyCase / EvCase

(3.4
(7. 8)

®)

(10)
(1)
(12)
13)
(14)

(;) H; letregion r with {Wl' = 51} inf; — H, p, pI‘OpOf(A,') 3 [p/r Al‘/W,‘]

(assume)

(let)

(let)

(Store Model 3 13 12)
(Well Typed Store 4 12 13)
(Weak. Store Typing 9 13)
(KiHandle 13)

(KiConst, KiMutable, 13, 5)
(Subst. Type/Value 5 17 18)

(No Wit. Vars in Value Types)
(No Wit. Vars in Effect Types)

(Equiv. 19 20 21)
(Def. Sub. 22 8)
(Def. C 13, Region Phase Change)

01X+ Kjﬁk—mj nTpo— T;Gj/», j€0.n
K :V(r:%)(a:x).7 — T ra & ctorTypes(T)

—716
xe:mlp/reofal [t Ts0]

l=TpopeckX
— —
O|X vy glp/ro/al; L

0% F (/%] = 73 0

0; Ly 0 VRead pV oyV 0]...V 0,

_ — i«—0..
$)O|EF1=Tp@ic (6)O|LFKx—t:Tpg —tio
(1)0|X + caselof ... K;X—1;..:: T;6VRead pV o,V oi...V O,
(2)H[1&Ckﬂ;caselof...Kj?c—wj . — H; tj[v°/x]

Y=H, X+H (assume)

(Exhaustive Cases 6)
(Inv. TyAlt 7)

(Inv. TyAlt 7)
(Well Typed Store, TyLoc 4 2 5)
(Well Typed Store 4 12)

(Sub. Value/Value 10 12)
(Def. £ 8)
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Case: 1 = updatek ; p ¢ mutable p | u° / TyUpdate / EvUpdateBind

(5) 0| by mutable p :: Mutable p (6 )®|Z Fu®glp/ro/a); L
(No|Z+-1=Tpo; L (B)K::V(r:%)(a:x).T— T ra e ctorTypes(T)
(1) 0| + updatek ; p @ mutable p L u® :: (); Write p

@) H([mutable p, [ LN Ck V°] ; updateg; p @ mutable p [ u°

Y H 1A vy 0 0
3.4 XEH,X+H (assume)
) OIZF () ();L (TyUnit)
(10)  LCyWriep (Def. C)
(1) letH =H, 15 C vou§..v5 (let)

— j—0..

(12 0[Trwglp/reja; Ll (Well Typed Store 4 11)
(13) I+H (Well Typed Store 12 6 4 11)
(14) TEH (Store Model 4 11)

Case: t = suspend 71| Tp 6 0 t] 1 / TySuspend / EvSuspendWit

(5)0|X ;0 :: Purec
(3)0|ZFI1 i ’C]lgflz;dl (4)0‘2Ft2 T, 02
(l)(Z)\E F suspend 111 T12 o0t t) T, 01VO

(6)H; 8~ 38
(2) H; suspend Ty T 6 6 t) t — H ; suspend 711 T12 6 8’ t1 1
3.4 XEHXL+H (assume)
@) O|X+ &' :: Pure o, (Pres. Purity 5 6)
®) O|X + suspend 711 T2 00 11 1 2 T1a; 01V O (TySuspend 3 7 4)

Case: t = suspend 711 T2 0 pure 6 (A(x: 711).t12) v§ / TySuspend / EvSuspendApp

(6)x:m|EF 12 T30 (7)0|X +; pure 0 :: Pure ¢
(5) 0|2+ A(x:ti1)-t12 = T gﬁz;J_ (8)0|Z F s ity L
(l) ®|Z = Suspend T11 T12 O pure (l(x : Tll)-tlz) VS DT L

(2) H; suspend t11 T12 o pure 0 (A(x: T11).112) vi — H ; t12[v5 /%]
3.4 XEH,X+HH (assume)

) 0|2t ti[v5/x] it T12s 0 (Sub. Value/Value 6 8)
(10) oCy L (ObsPure 7)
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Case: t = mask 0 in 7| / TyMask / EvMaskWit
Similarly to TySuspend / EvSuspendWit case.

Case: 1 = mask pure ¢’ in ; / TyMask / EvMaskApp

(5)0|Z ¢t 2T;0 (6)0|X by pure 6’ :: Pure o’

1)0|X F mask pure 6’ int; 1 T; 0\ 0’
p

(2) H;; mask pure ¢’ int; — H; ¢t

3.4 XEH,XHH (assume)
7 o' Cys L (ObsPure 6)
(8) c Cyo\o (Prop. of C 7)

The remaining cases are similar to the TyApp / EvContext (E, ;) case.



